Abstract--When duplex tubes are used for heat exchange purposes, thermal distortion affects the contact pressure and, hence, the thermal contact resistance at the interface. The resulting coupling between the thermal and thermoelastic fields for the system can lead to instability and non-uniqueness of the steady-state solution and, hence, to erratic heat transfer performance.
INTRODUCTION
A duplex tube is a composite structure fabricated by shrinking one hollow cylinder onto another, leaving the system in a state of prestress. This might be done to protect the system against thermal fatigue by developing a favourable state of prestress in the materials or to enable a material with good corrosion resistance or non-contamination properties to be used in contact with the contained fluid, whilst preserving adequate mechanical strength for the structure as a whole.
When duplex tubes are used ~or heat exchange purposes---i.e, when there is a radial flow of heat through the structure--a thermal resistance is associated with heat flow across the contact interface between the two cylinders, due principally to the microscopic roughness of the contacting surfaces [1-4~1. This resistance varies with the contact pressure and, hence, is influenced by the thermoelastic distortion of the cylinders. The corresponding coupling between the thermal and thermoelastic fields for the system can lead to instability and non-uniqueness of the steady-state solution. This in turn results in erratic heat transfer performance, as documented and discussed by Srinivasan and France [5] .
Barber [6] gave a detailed a~aalysis for the axisymmetric states of a duplex tube of two similar materials. A unique steady-state solution was obtained for radially outward heat flow, but for inward flow there exists a range of thermal boundary conditions for which the steady-state solution of the coupled problem is non-unique. The stability of the steady-state solutions was also investigated using a perturbation method and it was found that unique steady states are always stable, whereas non-unique steady states are always odd in number and are alternately stable and unstable.
More recent investigations of thermoelastic contact problems (e.g. Ref. [7] ) show that more complex behaviour is obtained when the contacting bodies have different thermal properties. In some circumstances, unique steady states can be unstable, leading to permanent oscillatory behaviour of the system [8] . 576 c. Li and J. R. Barber We also anticipate the existence of non-axisymmetric as well as axisymmetric modes of instability. The overall stability of the system will be determined by the mode which becomes unstable at the lowest value of steady-state (axisymmetric) radial heat flow and it is an open question whether this critical mode is axisymmetric in all cases. Interest in non-axisymmetric modes of instability is also motivated by related work in the solidification of castings within cylindrical moulds, for which non-axisymmetric solidification fields have been experimentally observed I -9] .
In this paper, we therefore re-examine the stability of thermoelastic contact of the duplex heat exchanger tube, with particular reference to the effect of material properties and non-axisymmetric modes.
STATEMENT OF THE PROBLEM
The cross-section of the: duplex tube is shown in Fig. 1 . The interface radius is denoted by To and the inner and outer radii by rl, r2, respectively. Uniform heat fluxes are imposed at these surfaces such that, in the steady state, the outward radial heat flux across the interface is qr = qo. At the interface, there is a thermal contact resistance R which is a function of the contact pressure p. Frictionless contact conditions are assumed at the interface and the inner and outer surfaces are free of tractions. These conditions can be summarized in the boundary conditions
rl 71=--
TO and suffix i takes the values 1, 2, referring to the inner and outer tubes, respectively. None of the boundary conditions (1)-(5) has any dependence on 0 and, hence, the system always has at least one steady-state solution in which the temperature field T = ®o(r) is a function of radius r only. The full thermal and elastic fields for these states can be obtained by generalizing the analysis of [6] to allow for different malerial properties for the two cylinders. We omit this elementary calculation in the interests of brevity, since the stability criterion for the system depends upon the steady state only through the interfacial contact pressure Po and the associated steady-state value of contact resistance Ro -R(po).
We consider the thermoelastic stability of this axisymmetric steady state by examining the conditions under which a small perturbation in the temperature field can grow exponentially in time. We therefore write the temperature field in the form T(r, 0, t) = Go(r) + 01 (r) e bt cos(n0).
Notice that this form can be us,ed to describe both axisymmetric (n = 0) and non-axisymmetric (n # 0) perturbations. All integer values of the wavenumber n (including zero) are possible except n = 1. This exception follows from the fact that a proportional perturbation in pressure at the interface would imply non-equilibrium loading of each tube. The magnitude of the perturbation is presumed to be much smaller than Go. Our purpose is to determine the stability boundary--i.e, the critical value of the steady-state heat flux qo at which the steady state becomes unstable. This is equivalent to determining the conditions under which the system permits solutions of the form (7) with b zero or pure imaginary.
To explain this criterion, we note that Go(r) is ex hypothesi a solution of the problem defined by Eqns (1)- (5) and, hence, Eqn (7) with ®~(r) -0 also satisfies these equations. Thus, the governing equations for ®l(r) must be homogeneous (as will be demonstrated in the following analysis) and non-trivial solutions will, in general, exist only for a set of eigenvalues of the growth rate b. Associated with each eigenvalue, there will be an eigenfunction describing the corresponding form of the exponentially growing or decaying temperature and stress field. We can now write a more general solution to the problem of Eqns (1)- (5) in the form of an eigenfunction expansion and this expansion will describe the transient behaviour of the system in the neighbourhood of the steady state ®o(r). If the temperature af the system at t = 0 is perturbed from the steady state by an arbitrarily small non-zero function of r, 0, the coefficients of the eigenfunction expansion can be determined and the subsequent evolution of the system will then be described (in the linear range) by the sum of the exponential terms of the form Tl(r)exp(bt)cos(nO). Now, if one or more of the eigenvalues for b has positive reid part, the perturbation will grow without limit as t increases and the system will be unstable. The system is demonstrably stable when qo = 0, so the stability boundary is defined by that value of q0 at which the first eigenvalue for b passes through the origin or crosses the imaginary axis.
Thermal solution
Both terms in Eqn (7) must satisfy the heat conduction equation
where k~ is the thermal diffusivity. Substituting Eqn (7) into Eqn (8) and solving for ®l(r) we find that the perturbation term must have the form
where I,, K, are modified Bessel functions of the first and second kind, respectively,
~K
and Ai, Bi are arbitrary constants.
The thermal boundary conditions (2) are satisfied by the steady-state term Go and, hence, on substituting Eqn (7) into Eqn (2) and using Eqn (9) for the perturbation term, we obtain 0Ti -0, r=rl. 
where K~ is the thermal conductivity and we have introduced a new constant A which is related to the perturbation in heat ttux at the interface Aq through Aq = Ae bt cos (nO).
The fourth thermal boundary condition [i.e. the second of Eqns (5)] involves the perturbation in contact pressure and we shall leave this until Section 2.3 below, when the thermoelastic solution is completed.
Substituting Eqn. (9) into Eqns (11) and (12) and solving the resulting algebraic equations we can express the four constants A~, Bi in terms of the single constant A--i.e.
G1 xAro
G21Aro G12Aro G22Aro
where we introduce the notation and
Ga (7, z) = n [n(I.(Tz)K,(z) -I,(z)K.(Tz)) -z(I.(yz)K. + 1 (z) + I, + l(z)K,(yz))]
+ 7z [z(I, + a (z)K,+ 1 ('~2) --I. + l(TZ)K.+ 1 (z) + r:(I, +l(yZ) K. (z) + I, (z) K, +x ().z))],(17)G2(7,z) = nK.(Tz) -7zK,+ 1(7z), G3 (7, z) = -nI.(~lz) -~zI. + 1 (~,z).
Thermoelastic solution
The thermoelastic analysis can be simplified by decomposing the solution into two parts. We first consider the free thermal expansion of the separate tubes that would occur if there were no surface tractions. This leads to a mismatch between the radial displacements of the two cylinders at the interface which can be described as a generalized gap function Ag(0)= u, 2 
(ro, O)-u,~(ro,O).
We then re-establish the frictionless contact condition Ag(0) = 0 by superposing an appropriate corrective isothermal solution :in which equal and opposite normal tractions are applied to the two contacting surfaces, the other surfaces being traction-free.
Free thermal expansion.
In this section, we seek to determine the radial displacements at r = ro for the two tubes subject to the temperature distribution of Eqn (9) and the traction-free boundary conditions
A particular solution can be obtained in terms of a thermoelastic potential ~bi which satisfies the governing equation
(1 -vi) [10, Section 64] , where the displacement vector ul is given by
and ~i,/t~ and v~ are the coefficient of thermal expansion, shear modulus and Poisson's ratio, respectively, of material i. 
where the dimensionless thermomechanical parameter [12] 2~i
A homogeneous solution must be superposed on this particular solution in order to satisfy the traction-free boundary conditions (18). A suitable form is provided by the Airy stress function
Ill i = (Ci yn+ 2 -Jv Di r-"+ 2 + Ei rn + Fir-n)ebt cos(nO),
(24) where Ci, D~, Ei, F~ are arbitrary constants.
Appropriate displacement ancl stress components in the tubes can then be written down using Tables 8.1, 9.1 of Ref. [11] and Eqns (20)- (22) and (24) above as 
EL\-I"+I(B'r) 4 fl, r ] + K.+,(fl, r) + fl, r ] J
where:
)(y"I.(z) --I,,(7z))
+ 27"(7" -7-") [(7" -°/~-'rl]t, + 1(z) + n(7 -7-1)1.+ 1 (7z) t,
Substituting Eqns (25)-(27) into Eqn (18), we obtain two sets of four homogeneous algebraic equations which can be solved fi)r Ci, Di, Ei, F~ in terms of Ai, B~. The perturbation in the gap at the interface can then be expressed as
and 6i = ~i(1 + v~)/Ki is thermal distortivity.
2.2.2.
The isothermal problem. Equation (28) defines the gap (or displacement mismatch) that would be developed at the interface if the contact tractions were zero. In order to restore the frictionless contact condition (4), we need to superpose an appropriate solution of the homogeneous (isothermal) equations. Clearly, a contact pressure perturbation Ap(0)= Px cos(n0) will produce a gap
where C is a constant that depends on the material properties, the radii of the cylinders and the wavenumber n. The determination of C is a routine elasticity problem which can be solved using the same stress function as i:a Eqn (24), but with different multiplying constants. We find
where G,i = G,(Ti, vi) and
Perturbation of the thermal contact resistance relation
The thermal contact resistance R(p) is defined through the boundary condition (5). Linear perturbation of this relation about the steady state yields
where ,.=-;.
The parameters R*, Q* can be regarded as dimensionless equivalents of the unperturbed contact resistance Ro and radial heat flux qo, respectively. In the dimensionless formulation, the stability boundary will correspond to a critical value of Q*. It follows that the corresponding dimensional heat flux qo at the stability boundary will be reduced if R'(po) or 61 is increased--i.e, instability becomes more likely if the contact resistance is particularly sensitive to pressure changes or if the materials have high distortivity. These conclusions are of course physically reasonable, since the mechanism of instability is associated with the effect of thermoelastic distortion on a pressuresensitive contact resistance. With these definitions, the characteristic equation can be written as where (1 -71)R* +f~Q* +f2 = 0,
Ga2Kr G31
and tile functions G,i are defined in Eqns (17), (29), (30), (33) and (34).
Stability criterion
The, system will be unstable if there exist any perturbations of the assumed form for which the exponential growth rate b is either positive or complex with positive real part--i.e, if the characteristic equation, Eqn (39), has at least one such solution. It is clearly stable in the isothermal state, Q* = 0, and hence, we can determine the stability boundary by finding the lowest value of Q* for which a zero for b of Eqn (39) passes from the left to the right half-plane either through the origin or across the imaginary axis. In the former case, the stability boundary is determined by a real root at the origin b = 0 and in the latter by a pure imaginary growth rate b =jco, wherej = xf-1.
Real 9rowth rate.
If the stability boundary is determined by a zero at the origin, the critical value of Q* can be found immediately from Eqn (39) as R* +f20
flo which defines a linear relation between Q* and R*. The coefficientsflo,f2o are the limiting forms of fl, f2 at b = 0 (and hence, zi = 0). To obtain them, we need to apply L'H6pital's rule and use the limiting forms of the Bessel funclions at small arguments [13] . After some simplification, we obtain
1+72" 1+72" f2o = n(1 -y~") n(1 -7~Z")K,"
2.4.2. Complex 9rowth rate. If the growth rate is determined by a zero on the imaginary axis, the coefficientsfl,f2 becomes complex and Eqn (39) cannot be solved explicitly for Q* in terms of R*. However, since Q*, R* contain c,nly physical parameters that must be real, we can decompose Eqn (39) into the two equations from which (] -y,)R* + Q*~t(fx) + 9t(f2) = O, The relation between Q* and R* at the stability boundary can then be determined parametrically by setting b =jco and using co as a parameter.
Q*3(A) + 3(f2) = o,

Axisymmetric perturbations
The above analysis requires some modification if n = 0, corresponding to axisymmetric perturbations. The detailed derivations are omitted here in the interests of brevity, but they lead to the expressions 
analogous to Eqns (40) and (41). Both of these expressions are unbounded as b ~ 0 and, hence, Zl, z2 --* 0, but the ratio is bounded. We can, therefore, determine the dimensionless heat flux Q* for a real zero at the origin from Eqn (42) by taking the limit
The corresponding complex analysis can be performed as in Section 2.4.2, using Eqns (48) and (49) for f,,f2.
RESULTS AND DISCUSSION
Some insight into the stability behaviour of the duplex tube can be obtained by considering the limiting case where the mean radius ro ~oo, whilst the wall thicknesses t~ = (ro -r~), t2 = (r2 -ro) are kept constant. In this limit, the system reduces to the contact of two infinite layers, whose stability was investigated by Li and Barber [14] .
The formal equivalence of the problems in this limit can be demonstrated by introducing the notation ti = to(1 -71), t2 = ro(72 -1), 2i = mtl, n = taro,
where m is the wavenumber in the layer problem. Using these relations to eliminate n, 7~ in Eqn (39), we can proceed to the limit as ro ~ oo, noting that limT~ lim (1 + 2~ ''r° = = e -+ ~'
ro ~co r 0 ~ taro, / After some simplificatiorL, the resulting characteristic equation can be shown to be identical to that obtained by Li and Barber [14] . A major conclusion of the two-layer investigation was that the stability boundary is generally associated with a sinusoidal perturbation whose wavelength is about twice the thickness of one of the layers. In terms of the variables of Eqn (48), this would imply a wavenumber for the thin tube problem of if the two tubes were bolh of thickness t. Thus, a fairly high-order mode shape is predicted by this approximation even for quite thick tubes. However, the duplex tube can also support an axisymmetric mode which has no equivalent for the system of two plane layers. The following results will show that, in particular cases, the stability boundary will be determined by one or other of these two distinct mode types.
Similar materials
If the tubes are both constructed of similar materials, only axisymmetric unstable modes are obtained. This can be demonstrated by considering the simplified forms of Eqn (39) when all the material property ratios are equal to unity, but for the real root case, a more intuitive demonstration can be provided using Dandurs' theorem [15, 16] . This theorem states that the change in curvature of a boundary of a traction-free body is given by 6q. Thus, if the two tubes have the same distortivity 6, their curvature changes at r = ro will be equal and opposite in view of the first of conditions (5) and, hence, two integrations around the circumference will yield A9 = 0 as the steady-state version of Eqn (28). The theorem requires certain line integrals around the circumference to be zero [15] and, therefore, fails for the case n = 0, permitting axisymmetric modes to occur. These modes, which only occur for radially inward heat flow, are fully discussed by Barber [6] .
Dissimilar materials
For dissimilar materials, Zhang and Barber [7] showed that qualitatively distinct kinds of thermoelastic stability behaviour are obtained for the contact of two half-planes, depending on the relative values of the material property ratios defined in Eqn (38). The finite geometry of the duplex tube can be expected to modify this behaviour [17] , but Zhang and Barber's classification of material pairs provides a useful starting point in exploring the behaviour of this more complex system. However, the duplex tube is not symmetric with respect to the interface so that, e.g. a copper tube inside an aluminum tube will generally behave differently from an aluminum tube inside a copper tube.
Copper/aluminum interface
We first consider the copper/aluminum alloy system, which defines a Type 1 interface in the classification of Zhang and Barber [7] . The relevant properties of these materials and others discussed in subsequent examples are listed in Table 1 .
The stability boundary was determined by identifying the lowest value of the dimensionless heat flux Q* at which a zero of Eqn (219) occurs either at the origin (zero growth rate) or on the imaginary axis (complex growth rate). Figure 2 shows the results obtained for various values of the wavenumbern for the case where 1 -71 := 72 -1 = 0.05, R* = 1 and the outer cylinder is of copper. Notice that zeros at the origin correspond to negative values of Q* (radially inward flow) for low wavenumbers, including the axisymmetric case, n = 0, but positive Q* for higher wavenumbers. Zeros on the imaginary axis are also obtained for positive Q* for lower wavenumbers with the exception of n = 0.
The stability boundary of the system is defined by that wavenumber (eigenfunction) for which the critical heat flux of the appropriate sign has the lowest magnitude. For the case illustrated in Fig. 2 , this corresponds to the axisymrnetric solution for Q* < 0. For Q* > 0, a minimum is obtained at n = 58 and corresponds to a zero at the origin.
Similar results were obtained for other values of the dimensionless interface resistance R*. In all cases, the resulting stability boundary was defined by the axisymmetric solution for Q* < 0 and by a zero at the origin in the non-axisymmetric solution for Q* > 0. Figure 3 shows the critical values of Q* defining the stability boundary for both directions of heat flow as functions of R*. Notice that the results are plotted against the function 1/(1 + R*) in order to map the infinite range 0 < R* < oo into (0, 1). The critical heat flux for Q*> 0 increases without limit as R*--.oo, but the ratio Q*/(1 + R*) is bounded, permitling the results for the entire range to be accommodated on Fig. 3 by introducing this factor also into the Q* axis.
For Q* > 0, the stability boundary is associated with a non-axisymmetric perturbation and the corresponding wavenumber is shown in Fig. 3 . The layer approximation given in Eqn (53) predicts a value n ~ 60 for this system and Fig. 3 shows that this is close to the correct value except for small values of R*, where n increases sharply. For Q* < 0, the dominant mode is axisymmetric and the Table 1 .100 stability boundary is dete:mined by the real equation, Eqn (50), which shows that Q* is independent of R*. For the parameters; used in this example, the critical value is Q* = -11.72. This plots out as a straight line through the origin in Fig. 3 . If the materials of the cylinders are interchanged--i.e, if the inner cylinder is of copper and the outer is of aluminum alloy--the behaviour is somewhat simpler in that instability is obtained only for inward heat flow (Q* < 0). Figure 4 shows the dimensionless heat flux associated with the first non-axisymmetric and the first axisymmetric unstable mode as functions of R*. The curves cross around 1/(1 + R*) ~ 0.2 (R* ~ 4) showing that instability will be governed by an axisymmetric mode for R* > 4 and by a non-axisymmetric mode for R* < 4.
Magnesium alloy/nickel alloy interface
We next consider a tube in which the inner and outer cylinders are of nickel alloy and magnesium alloy, respectively, which defines a Type 2 interface in the classification of Zhang and Barber [7] . Figure 5 shows the dimensionless heat flux at which a zero crosses into the right half-plane as a function of wavenumber n for the case 1 -71 = ?z -1 = 0.05, R* = 1. As before, zeros at the origin occur only for Q* < 0 for low wavenumbers including zero and only for Q* > 0 for higher wavenumbers. However, in contrast to Fig. 2 , we now find zeros crossing the imaginary axis, corresponding to complex growth rates, for both directions of heat flow. For the case illustrated (R* = 1), the stability bc,undary for Q* < 0 is still defined by the axisymmetric result, since this corresponds to the smallest value of I Q* 1, but for sufficiently small R*, the opposite conclusion is reached, the stability boundary for inward heat flow being defined by a non-axisymmetric mode. These results are summarized in Fig. 6 which shows the values of Q* defining the stability boundary and the critical wavenumber as functions of R* for both directions of heat flow. As before, Eqn (53) gives a good approximation to the critical wavenumber except for R*<< 1 and Q* > 0, where the wavenumber increases significantly. For Q* < 0, the value of R* at which the dominant mode changes from axisymmetric to non-axisymmetric depends upon the tube thickness. For the case illustrated, this transition occurs at R* ~ 0.29, but for 11 -7~1 > 0.16--i.e. if the (equal) tube wall thicknesses are more than 16% of the mean radius ro--the dominant mode is axisymmetric for all R*.
Essentially, similar restdts are obtained if the materials of the cylinders are interchanged so that the inner cylinder is of magnesium alloy and the outer of nickel alloy. The corresponding results for £-, 1 -~,~ = 72 -1 = 0.05 are shown in Fig. 7 . As before, axisymmetric perturbations are unstable only for inward heat flow and define the stability boundary when R* is sufficiently large, Non-axisymmettic perturbations can be unstable for either direction of heat flow and the dominant mode is associated with wavenumber clLose to that of Eqn (53) except for R* << 1.
Other material combinations
Additional calculations were performed for a variety of material combinations, including examples of Types 3-5 of the classification scheme of Ref. [-7] . These materials were found to behave in a similar manner to the copper/aluminum alloy combination discussed above. In particular, when the more distortive material forms the outer cylinder, instability occurs only for inward heat flow and is determined by an axisymmetric perturbation for large R* and by a non-axisymmetric one for small R*. When the inner cylinder has the larger distortivity, instability is obtained for both directions of heat flow, being determined by an axisymmetric perturbation for inward heat flow and by a non-axisymmetric perturbation for outer heat flow. Results for cylinders of silicon carbide and copper are summarized in Fig. 8. 
CONCLUSIONS
We have demonstrated that the existence of a pressure-dependent thermal contact resistance at the interface between the two components of a duplex heat exchanger tube can cause the axisymmetric steady state to be unstable if the heat flux is sufficiently large. Axisymmetric and non-axisymmetric modes are possible, the former only for inward heat flux. Thus, if the heat flows outwards through the tube, the first instability is always associated with a non-axisymrnetric mode.
If the ratio between the wall thickness and the radius is sufficiently small, the non-axisymmetric results reduce to those for the contact of two contacting layers. In particular, the mode is sinusoidal with wavelength approximately twice the wall thickness of one of the cylinders. For engineering purposes, this approximation is good even for thickness/radius ratios of around 0.2, which covers most practical applications.
Results were obtained for many material combinations and all conformed to one of the two broad categories of behaviour. Material combinations classified as Types 1, 3-5 by Zhang and Barber I-7] all exhibited behaviour similar to that described above for the copper/aluminum alloy system. Only Type 2 material combinations, ,defined by the inequalities k2/kl < 6~/fi2 < 1 or kl/k2 < 62/61 < 1, exhibit the more complex behaviour similar to that for the nickel and magnesium alloy system. In effect,, the duplex tube geometry avoids much of the complexity of the geometrically simpler system of two half-planes by selecting .zritical wavelengths related to the wall thicknesses.
